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$(x_{1}, \ldots, x_{n})\in \mathbb{Z}[x_{1}, \ldots, x_{n}]$ $x_{1},$
$\ldots,$
$x_{n}\in \mathbb{Z}$ $Aa$
$P_{1}(x_{1}, \ldots , x_{n})=0,$ $P_{2}(x_{1}, \ldots, x_{n})=0,$
$\ldots,$
$P_{m}(x_{1}, \ldots, x_{n})=0$
$\Leftrightarrow$ $(P_{1}^{2}+P_{2}^{2}+\ldots+P_{m}^{2})(x_{1}, \ldots, x_{n})=0$
$P_{i}(x_{1}, \ldots, x_{n})$ $=$ $0(\forall i=1, \ldots, m)$ \langle
$(P_{1^{2}}+P_{2^{2}}+\ldots+P_{m}^{2})(x_{1}, \ldots , x_{n})=0$
$P_{1}(x_{1}, \ldots, x_{n})=0$ , or $P_{2}(x_{1}, \ldots, x_{n})=0$ , ... , or $P_{m}(x_{1}, \ldots, x_{n})=0$
$\Leftrightarrow$ $(P_{1}\cdot P_{2}\cdot\ldots\cdot P_{m})(x_{1}, \ldots, x_{n})=0$
2 $P(x)\in \mathbb{Z}[x]$
$P(x)=0(\exists x\in \mathbb{Z})\Leftrightarrow P(x)\cdot P(0)\cdot P(-x)=0(\exists x\in N)$








R. $c(x),$ $s(x),$ $U^{i}(x_{1}, \ldots , x_{n})$ (1) (2)
(3) 3 :
$c(x)=1$ , $s(x)=x+1$ , $U^{n}(x_{1}, \ldots, x_{n})=x;(1\leq i\leq n)$
3(1) . $g;(x_{1}, \ldots, x_{m})(1\leq i\leq m),$ $f(x_{1)}\ldots, x_{m})$
$h$ :
$h(x_{1}, \ldots, x_{n})$ $:=f(g_{1}(x_{1}, \ldots, x_{n}), \ldots, g_{m}(x_{1}, \ldots, x_{n}))$ .
(2) . $f,$ $g$ $h$ :
$h(x_{1}, \ldots, x_{n}, 1);=f(x_{1}, \ldots, x_{n})$
$h(x_{1}, \ldots, x_{n},t+1)$ $:=g(t, h(x_{1}, \ldots, x_{n}, t), x_{1}, \ldots, x_{n})$ .
(3) ’J\{L. $f,$ $g$ $x_{1},$ $\ldots,$ $x_{n}\in N$ $f(x_{1}, \ldots, x_{n}, y)=g(x_{1}, \ldots, x_{n}, y)$
$y\in N$ 1
$y\in N$ $y$ $h$ :
$h(x_{1}, \ldots, x_{n})$ $:=nin_{y}[f(x_{1}, \ldots, x_{n}, y)=g(x_{1}, \ldots, x_{n}, y).]$
A. Church K. G\"odel S. C. Kleene











D. $S\subset N^{n}$ $P(x_{1}, \ldots , x_{n}, y_{1}, \ldots, y_{m})\in$
$\mathbb{Z}[x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m}]$ :
$(x_{1}, \ldots, x_{n})\in \mathbb{Z}^{n}$
$(x_{1}, \ldots, x_{n})\in S$ $\Leftrightarrow$ $P(x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m})=0$ ( $\exists y_{1},$ $\ldots,$ $y_{m}\in$ N).
4$f$ : $N^{\iota}arrow N$
$f$ : $N^{n}arrow N$
. (1), (2) $P(x, y),$ $L(z),$ $R(z)$ :
(1) $L(P(x, y))=x,$ $R(P(x, y))=y(\forall x, y\in N)$ .
(2) $P(L(z), R(z))=z,$ $L(z)\leq z,$ $R(z)\leq z(\forall z\in N)$ .
( ). $P(x, y)$ : $N^{2}$ $arrow N$ 1 1, onto $(L, R)$ : $N$ $arrow N^{2}$
$P(x, y)$
. $T(n)$ $:=$ $n(n+1)/2$ $T(n)$
$z$ $n$
$T(n)<z\leq T(n+1)=T(n)+(n+1)$
$z\in N$ $n\leq 0$ $y\in N$









( ). $S(i, u)$ : $N^{2}arrow N$ :
$w\equiv L(u)mod (1+iR(u)),$ $w\leq 1+iR(u)$ $\exists!w\in N$ $S(i, w)$ $:=w$
Hilbert 10 M. Davi$s$ , J. Robinson, Y. Matijasevich
:
M. $f$ : $\mathbb{N}^{n}arrow N$
Davis
Robinson




Robinson $M$ Hilbert 10
$M$ :
$P(t, z, x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m})$
{($t,$ $x_{1},$ $\ldots$ , $x_{n})\in N^{n+1}|(\forall z\leq t)(\exists y_{1},$ $\ldots$ , $y_{m})$ such that $P(t,$ $z,$ $x_{1},$ $\ldots,$ $x_{n},$ $y_{1},$ $\ldots,$ $y_{m})=0$}
1-5. .
Hilbert 10
$x_{0},$ $x_{1},$ $x_{2},$ $x_{3},$ $\ldots$ $R(z),$ $L(z)$ 1-4





$\{(L(i), R(i))|i\in N\}=N\cross N$ $\{P_{i}|i\in N\}$ $N[x_{0}, x_{1}, x_{2}, x_{3}, \ldots]$
$N$ $n\in N$
$D_{n}$ $:=$ { $x_{0}\in N|$ ( $\exists x_{1},$ $\cdots$ , $x_{n}$ ) such that $P_{L(n)}(x_{0},$ $x_{1},$ $\cdots,$ $x_{n})=P_{R(n)}(x_{0},$ $x_{1},$ $\cdots$ , $x_{n})$ }
. $\{(n, x)\in N^{2}|x\in D_{n}\}$
. $x\in D_{n}\Leftrightarrow(\exists u)\{S(1, u)=$ $1$ &S(2, u) $=x$
$\ (\forall i)_{t\leq n}[S(3i, u)=S(L(i), u)+S(R(i), u)]$
$\ (\forall i)_{i\leq n}[S(3i+1, u)=S(L(i), u)\cdot S(R(i), u)]$
&S(L(n), u) $=S(R(n), u)$ }
1-4
$V$ $:=\{n\in N|n\not\in D_{n}\}$ .
Cantor
. $V$
6. $D_{1},$ $D_{2},$ $D_{3},$ $\ldots$ $V$
$i\in N$ $V=D$;
$i\in D_{*}\cdot\Leftrightarrow i\in V\Leftrightarrow i\not\in D$;
$\chi(z)=\{\begin{array}{l}1z\in V\emptyset\ \text{ }0*\emptyset \text{ }\emptyset kg\end{array}$
$V$ $\chi(z)$ $M$ Church
$\Leftrightarrow$ $\Leftrightarrow$
. $\chi(z)$
$\{(n, x)\in N^{2}|x\in D_{n}\}$ $P(n, x, z_{1}, \ldots, z_{k})$
$=0$
$n\in D_{n}$ $\Leftrightarrow$ $(\exists z_{1,}z_{k}\in N)$ such that $P(n, n, z_{1}, \ldots, z_{k})=0$
$n\in N$
$P(n, n, z_{1}, \ldots, z_{k})=0$





$(I_{k})$ J. Denef 2 $\mathbb{Z}$
7$P(t, x_{1}, \ldots, x_{n})$
{$t\in I_{k}|P(t,$ $x_{1},$ $\ldots,$ $x_{n})=0$ (for some $\exists x_{1},$ $\ldots,$ $x_{n}\in I_{k})$ } $=\mathbb{Z}$











$S\subset \mathbb{Q}^{n}$ $P\in \mathbb{Q}[x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m}]$
:
$(x_{1}, \ldots, x_{n})\in \mathbb{Q}^{n}$
$(x_{1}, \ldots, x_{n})\in S$ $\Leftrightarrow$ $P(x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m})=0$ $(\exists y_{1}, \ldots, y_{m}\in \mathbb{Q})$.
( )
$S\subset \mathbb{Q}^{n}$
$P$ $\in$ $\mathbb{Q}[x_{1}, \ldots , x_{n}, y_{1}, \ldots, y_{m}]$
:
$(x_{1}, \ldots, x_{n})\in \mathbb{Q}^{n}$ ,
$(x_{1}, \ldots, x_{n})\in S$ $\Leftrightarrow$ $P(x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m})=0$ ( $\exists y_{1},$ $\ldots,$ $y_{m}\in$ N).
Q
$N$
8\S 2. Batyrev-Manin .
2-1. .
$V$ $K$ $=$ $K_{V}$ $V$ canonical line bundle
canonical ring $R(U)$ $V$ $\kappa(V)$
([B-P-V], [U] ) $0$
$R(V);= \mathbb{C}\oplus\sum_{m\geq 1}\Gamma(V, K_{V}^{\otimes m})$
$\kappa(V)$ $;=$ $\{\begin{array}{l}-\infty)=\mathbb{C}trdeg(R(V))-1\text{ }\{g\end{array}$





$\kappa(V)=1$ $\Leftrightarrow$ $g(V)\geq 2$




$V$ 1 (relatively minimal)
Enriques ([B-P-V] ) :
$\kappa(V)=-\infty$ $\Leftrightarrow$ $V$ $\mathbb{P}^{2}(\mathbb{C})$ (a ruled surface)
$\kappa(V)=0$ $\Leftrightarrow$ $V$ , (a hyper-elliptic surface),
K3- , Enriques
$\kappa(V)=1$ $\Leftrightarrow$ $V$ proper (a proper elliptic surface)
$\kappa(V)=2$ $\Leftrightarrow$ $V$ (general type)
( ) 1. $\mathbb{P}^{1}-bundle$
2. Enriques K3-
3. proper elliptic surface ,
92-2. Batyrev-Manin .
$k$ $([k:\mathbb{Q}]<\infty)$ $V$ $k$ $K=K_{V}$
$V$ canonical line bundle $L$ $V$ ample line bundle $0$
$NS(V)$ $V$ N\’eron Severi group $NS(V)$ $Vx_{k}\overline{k}$ divisor group
([Ful], p.385 )
$N^{1}(V)$ $:=NS(V)\otimes_{\mathbb{Z}}\mathbb{R}$
$N^{1}(V)$ $\overline{k}$-rational effective divisors closed subcone
$N_{ef}^{1}=N_{ef}^{1}(V)$
$\alpha(L)$ $:= \inf\{\gamma\in \mathbb{R}|\gamma[L]+K_{V}\in N_{cf}^{1}\}\in \mathbb{R}$
$\alpha(L)$
$L$ ample line bundle absolute height
$H_{L}$ : $V(\Phi)arrow \mathbb{R}_{\geq 0}$
$H_{L}$ $k$ $L$ $V$
modulo bounded functions
$U$ $V$ $k$ -open subset $Z_{U}(L;s)$ :
$Z_{U}(L;s)$
$;= \sum_{x\epsilon\sigma(k)}h_{L}(x)^{-s}$
${\rm Re}(s)$ $Z_{U}(L;s)$ $\sigma={\rm Re}(s)$
inf $\beta_{U}(L)$ :
$\beta_{U}(L):=\inf$ { $\sigma\in \mathbb{R}|Z_{U}(L,$ $s)$ ${\rm Re}(s)=\sigma$ } $\in \mathbb{R}\geq 0U\{-\infty\}$
$H_{L}$ modulo bounded functions $U$ $L$
V. V. Batyrev Yu. I. Manin 2
([B-M] ) :
(Batyrev-Manin). $\epsilon>0$ $V$ (Zariski ) open
dense $U=U(L, e)$ :
$\beta_{U}(L)\leq\alpha(L)+\epsilon$
( ). [B-M] $\alpha(L)$ N $V$ $Vx_{k}\overline{k}$
:
10
(1) $k$ divisor $\overline{k}-$ algebraically equivalent to $0$
$k$ torsion divisor ([Ful], p.185, Proposition 10.3 ) $N^{1}(V)$ $:=$
$NS(V)\otimes_{Z}\mathbb{R}$ $0$ $NS(V)$ k-rational divisors $k$
algebraically equivalent to $0$
(2) $N_{k,eff}^{1}$ $NS(V)$ k-rational effective divisors
closed cone $\alpha(L)$ $\alpha(k, L)$ $kB\check{\backslash }$
$N_{k,ef}^{1}$ $\alpha(k, L)$ $k$
$\overline{k}$
$\alpha(k, L)$ $\alpha(L)$ $k$ $U(k)$
$Z_{U}(L;s)$ $\beta_{U}(L)$ $k$
$\alpha(L)$ $\alpha(k, L)$ $\alpha(L)$
$\alpha(L)$ $\alpha(k, L)$
2-3. .
$V=C$ $C$ line bundle $L$
$L$ : ample $\Leftrightarrow\deg(L)>0$





$[g=0]$ . $\kappa(C)=-\infty\Leftrightarrow g(C)=0$
$L$ ample $\alpha(L)>0$
C 2 $k$ $J$ Riemann-Roch
$C(k)\neq 0$ $C(k)\cong \mathbb{P}^{1}(k)$
$C$ $Z_{U}(L, s)$
$\beta_{C}(L)=-(2g(C)-2)/\deg(L)=\alpha(L)$
$[g=1]$ . $\kappa(C)=0\Leftrightarrow g(C)=1$
$K\cong \mathcal{O}_{G}$ $L$ ample line bundle $\alpha(L)=0$
$C(k)\neq\emptyset$ $C$ $k$ ( )
k $C(k)$
(L. J. Mordell A. Weil
) $C(k)$ torsion points $C(k)\otimes_{Z}\mathbb{R}$
R
$[|$
A. N\’eron J. Tate height functions canonical
height $h_{L}(x)$ absolute height $H_{L}(x)$
$h_{L}(x)=\log H_{L}(x)+O(1)$





$[g\geq 2]$ . $\kappa(C)=1\Leftrightarrow g(C)\geq 2$
$\circ$ ample line bundle $L$ $\alpha(L)<0$
$\epsilon$ $\epsilon+\alpha(L)<0$ Batyrev-Manin
$C$ $k$ -open subset $U$
$\beta_{U}(L)<0\Leftrightarrow U(k)$
$C\backslash U$ $C(k)$
$g(C)$ $\geq$ 2 $C(k)$ Mordell
(Mordell conjecture) G. Faltings $\circ$
( ) . 1 $C(k)$
$g(C)$ $\geq$ 2 effective Mordell conjecture G.
W\"ustoholtz (Baker )
$g(C)=1$ $C(k)\neq\emptyset$ E Tate-Shafarevich
$C(k)$ $\dot{\circ}$ C(k)
$C(k)\not\simeq$ $\emptyset$ $g(C)-1=0$




(Ch\^atelet). $V$ $k$ $V$ $\overline{k}$
$V(k)\neq\emptyset$ $V$ $k$ ([Ch] )
$A$ $k$ $Ax_{k}\overline{\mathbb{Q}}$
canonicaJ bundle $K_{A}$ $\alpha(L)=0$
- $A(k)\neq\emptyset$ $A(k)$
$A(k)\otimes_{Z}R$ canonical height $h_{L}$ 2-3 $\beta_{A}(L)=$
$0$
12
$\beta_{A}(L)=-\infty$ or $0$ $\leq$ $0=\alpha(L)$
$U=A$ Batyrev-Manin
$\kappa(V)=\dim(V)$ $V$ (general type)
( P. Vojta) $\alpha(L)<0$
([C-S], p.349, Lemma 4.1 ) $\epsilon$ $\epsilon+\alpha(L)<0$
Batyrev-Manin $V$ $k$ -open subset $U$
$\beta_{U}(L)<0\Leftrightarrow U(k)$
E. Bombieri P. Vojta
(Bombieri-Vojta )
( ). $V$
$\{0\}$ $V(k)$ G. Faltings
([S2] )
$Y$ $k$ $L$ $Y$ ample line bundle
$f$ : $Xarrow Y$ $k$ $K$ $k$
$X,$ $f$
$f$ $Yx_{\dot{k}}K$ canonical bundle $K_{Y}x_{k}K$ $f$ $X$
$f^{*}(K_{Y}x_{k}K)$ $X$ canonical bundle $K_{X}$ $Y$ ample line
bundle $L$ $X$ $f^{*}(Lx_{k}K)$ $X$ ample line bundle ([H],
p. 232, Ex. 5.7, (d) )
$f^{*}$ algebraically equivalent to $0$ divisor algebraically equivalent to $0$
divisor ([Ful], p.185, Proposition 10.3 ) $f^{*}$ $N^{1}(Yx_{k}K)$
$N^{1}(X)$ $f^{*}$ effective divisor efffective divisor
$f^{*}$ $N_{ef}^{1}(Yx_{k}K)$ $N_{cf}^{1}(X)$
$\gamma\in \mathbb{R}$




$f$ : $Xarrow Y$ $K$ $M$ $f^{-1}(Y(K))\subset X(M)$
([S], p.50, Chevalley-Weil Theorem ) $0$
$Xx_{k}M$ ample $f^{*}(L\cross kM)$ Batyrev-Manin





$f$ : $Xarrow Y$ proper mapping $f((Xx_{k}M)\backslash V)$ $=$
$f((X\backslash V_{0})x_{k}M)$ $\subset$ $Yx_{k}M$ $Yx_{k}M$ Zariski $k$ -closed $\circ$
$U;=Y\backslash (f(X\backslash V_{0}))$
$Y$ $k$ -open dense
$H_{J}*(Lx_{k}K)=O(1)x\{H_{L}of\}$ $\sigma>0$
$Z_{U}(L, \sigma)\leq O(1)^{-\sigma}xZ_{V_{0}x_{t}M}(f^{*}(Lx_{k}M), \sigma)$
$\beta_{U}(L)\leq\beta_{V_{0}x_{k}M}(f^{*}(Lx_{k}M))\leq\alpha(f^{*}(Lx_{k}M))+\epsilon\leq\alpha(L)+\epsilon$
$U$ . $f$ : $Xarrow Y,$ $L,$ $k,$ $M$ $X$ $Y$
$M$ $k$ $Xx_{k}M$ $f^{*}(Lx_{k}M)$
Batyrev-Manin $Y$ $L$ Batyrev-Manin
$S$ ( 1 )
$S$ \infty
$Sx_{k}\overline{\mathbb{Q}}\cong \mathbb{P}^{2}$ Ch\^atelet ( $S\neq\emptyset$
) $S$




$k$ $C$ $\overline{\pi}$ : $\overline{S}arrow\overline{C}$ $k$ $\pi$ : $Sarrow C$
$S(k)\subset\pi^{-1}(C(k))$
$C(k)$ $\pi$ $S(k)$
$\overline{C}$ $0$ $\mathbb{P}^{1}\cross \mathbb{P}^{1}$ Hirzuburch $\mathbb{P}(\mathcal{O}\oplus \mathcal{O}(n))$
$\mathbb{P}^{1}X\mathbb{P}^{1}$ :
. $S$ $k$ $Sx_{k}\overline{k}\cong \mathbb{P}^{1}\cross \mathbb{P}^{1}$
$S(k)\neq\emptyset$ $S\cong \mathbb{P}^{1}x\mathbb{P}^{1}$ ( $k$ ) 2 $K/k$
$S\cong R_{K/k}(\mathbb{P}^{1}x_{k}K)$ ( $k$ ) $R_{K/k}|hK$
$k$ Weil functor
14
Hirzeburch $S$ $k$ $k$ Hirzeburch
$\mathbb{P}(\mathcal{O}\oplus O(n))$










$S$ Enriques K3- $T$ 2
$f$ : $Tarrow S$ $U$ $\Gamma$ K3- $T$
Batyrev-Manin Enriques $S$ Batyrev-Manin
$S$
$\alpha$ : $Sarrow A$
Albanese mapping $S$
$\dim A=0$
$\dim{\rm Im}(\alpha)=1$ $\alpha$ $C$
$\alpha$ $S$ $C$ $C$
$A$ $g(C)=\dim A$ 1 $C$
2
Faltings $C(k)$ $S(k)$ $\alpha$
1
Am ${\rm Im}(\alpha)\geq 2$ ${\rm Im}(\alpha)$ $A$ $A$
([U] ) ${\rm Im}(\alpha)$
(i) (ii) 2
(iii) $\kappa(V)=\dim(V)$ 3








(3) proper elliptic surface
3
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